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Ball's integral inequality \[[@CR1]\], in connection with cube-slicing in $\documentclass[12pt]{minimal}
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Our purpose here is to consider a generalization involving the "moment" integral $$\documentclass[12pt]{minimal}
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We place no restrictions on the indices *α* and *β* beyond those necessary to ensure the convergence of the integral $\documentclass[12pt]{minimal}
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Weaker versions of Ball's inequality {#Sec2}
====================================

A natural way to deal with Ball's inequality is to apply the sharp form of the Hausdorff-Young inequality \[[@CR3]\]. This leads to two inequalities for the relevant integral: the first works for all $\documentclass[12pt]{minimal}
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Proposition 1 {#FPar1}
-------------
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Proof {#FPar2}
-----
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To prove part (b), we employ the convolution $\documentclass[12pt]{minimal}
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Main results {#Sec3}
============

In this section we consider the question of obtaining upper and lower bounds for the more general integral, namely $\documentclass[12pt]{minimal}
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Proof {#FPar4}
-----
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Corollary 3 {#FPar5}
-----------
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Proof {#FPar6}
-----

\(a\) In the very special case where $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \phi(\alpha,\beta)&=\frac{\alpha^{\frac{c+1}{2}}\Gamma(\alpha+1)}{ \Gamma(\frac{c+1}{2}+\alpha+1)}\thicksim\frac{ \alpha^{\alpha+\frac{c+1}{2}+\frac{1}{2}}e^{-\alpha}}{(\alpha+ \frac{c+1}{2})^{\alpha+\frac{c+1}{2}+\frac{1}{2}}e^{-(\alpha+ \frac{c+1}{2})}} \\ & =\frac{e^{\frac{c+1}{2}}}{(1+\frac{c+1}{2\alpha})^{\alpha+ \frac{c+1}{2}+\frac{1}{2}}}\thicksim1,\quad \alpha\rightarrow\infty. \end{aligned}$$ \end{document}$$
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                \begin{document} $$\begin{aligned} \liminf_{\alpha\rightarrow\infty}\phi(\alpha,\beta)&= \liminf_{\alpha\rightarrow\infty} \frac{\alpha^{\frac{c+1}{2}} \Gamma(\alpha+1)}{\Gamma(\frac{c+1}{2}+\alpha+1)} \\ & =\liminf_{\alpha\rightarrow\infty}\frac{e^{\frac {c+1}{2}}}{(1+\frac{c+1}{2 \alpha})^{\alpha+\frac{c+1}{2}+\frac{1}{2}}}\geq \liminf _{\alpha\rightarrow\infty}\frac{1}{(1+\frac{c+1}{2\alpha})^{ \frac{c+1}{2}+\frac{1}{2}}}=1. \end{aligned}$$ \end{document}$$ So that $$\documentclass[12pt]{minimal}
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Conclusion {#Sec4}
==========
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                \begin{document}$$ f(x)= \int_{0}^{1}\cos(xt)h(t)\,dt, \quad\quad J_{0}(x)= \frac{2}{\pi} \int _{0}^{1}\frac{ \cos xt}{\sqrt{1-t^{2}}}\,dt. $$\end{document}$$ \[Where in the first integral *h* is continuously differentiable, $\documentclass[12pt]{minimal}
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                \begin{document}$0\leq t\leq1$\end{document}$.\] The first function *f* was considered in \[[@CR4]\] in connection with maximal measures of sections of the *n*-cube. The second is the Bessel function of order 0.
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Proposition 4 {#FPar7}
-------------

*If* *g* *is the function defined above*, *then we have the double inequality* $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \lim_{p\rightarrow\infty}\sqrt{p} \int_{-\infty}^{\infty } \bigl\vert g(t) \bigr\vert ^{p}\,dt=\sqrt{\frac{ \pi}{c}}. $$\end{document}$$

Proof {#FPar8}
-----
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Our final result handles the general case where $\documentclass[12pt]{minimal}
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Theorem 5 {#FPar9}
---------

*If* *g* *is the function considered above*, *and* $\documentclass[12pt]{minimal}
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